Propensity score methods are increasingly being used to reduce estimation bias of treatment effects for observational studies. Previous research has shown that propensity score methods consistently estimate the marginal hazard ratio for time to event data. However, recurrent data frequently arise in the biomedical literature and there is a paucity of research into the use of propensity score methods when data are recurrent in nature. The objective of this paper is to extend the existing propensity score methods to recurrent data setting. We illustrate our methods through a series of Monte Carlo simulations. The simulation results indicate that without the presence of censoring, the IPTW estimators allow us to consistently estimate the marginal hazard ratio for each event. Under administrative censoring regime, the stabilized IPTW estimator yields biased estimate of the marginal hazard ratio, and the degree of bias depends on the proportion of subjects being censored. For variance estimation, the naÃŕve variance estimator often tends to substantially underestimate the variance of the IPTW estimator, while the robust variance estimator significantly reduces the estimation bias of the variance.
INTRODUCTION
Causal inference is an emerging field in statistics. In medical research, we are often interested in understanding the effect of treatment on an outcome. The gold standard is to conduct an experimental study where treatment is randomized. However, observational studies frequently arise in medical research, in which treatment assignment is often related to characteristics of patients. As a result, the characteristics of treatment and control group may be systematically different. To this end, adjustments must be made to balance the covariates between the two groups. Over the past several decades, different methods for making causal inference with observational data have been developed and there has been an increasing interest in using the propensity score methods. The propensity score is defined as the probability of treatment assignment conditional on measured baseline covariates 1 . There are four propensity score methods that are used most often in the biomedical literature: matching, stratification, inverse probability weighting and covariate adjustment. These methods allow us to reconstruct a pseudo-sample which reflects an experimental data setting, thus reducing or eliminating bias in estimating the treatment effect.
In the 1980's, researchers mainly focused on bias reduction on a linear scale. Rosenbaum and Rubin (1983) demonstrated that by dividing the sample into five mutually exclusive equal-sized strata based on the propensity score would result in an over 90% bias reduction when the treatment is an average treatment effect (ATE) 1, 2 . In addition to that, the inverse probability treatment weighting method using the propensity score was proven to unbiasedly estimate the average treatment effect (ATE) 1 . It was not until recent years that propensity score methods for non-linear measures of treatment effects received attention. Some applied researchers tried to use propensity score methods to estimate non-linear treatment effects such as odds ratio and hazard ratio. However, the degree of bias incurred had not been extensively studied 3 . It was not until the beginning of the 21 century that Austin (2007) performed a series of Monte Carlo simulation studies to examine the degree of bias when treatment effects are measured using a hazard ratio, odds ratio and rate ratio 3 . The simulation results indicated that conditional on the propensity score, matching, stratification and inverse probability weighting all resulted in biased estimates of the true conditional hazard ratio and odds ratio. Interestingly the rate ratio was consistently estimated for all propensity score methods. This is because conditional on the propensity score, we estimate the marginal treatment effect instead of the conditional treatment effect 4 . A conditional effect refers to the average effect at the individual level, of removing a subject from treated to untreated. The regression coefficient of treatment indicator in a Cox proportional hazards model is a conditional effect 5 . A marginal effect is the average effect at the population level, of moving the whole population from treated to untreated 6 . For randomized controlled trials, we estimate the marginal effect by using the Cox proportional hazard model with treatment indicator as the only covariate. Austin (2007) concluded that the marginal treatment effect coincides with the conditional treatment effect when the measure of treatment effect is a difference in means or rate ratio while they do not coincide when the measure of treatment effect is odds ratio or hazard ratio 3 7 .
Many observational data in real life are recurrent in nature. We already know that the propensity score methods estimate the marginal hazard ratio for time to event data 5 . However, there is a paucity of research on making causal inference for recurrent data. Hence it would be desirable to extend the propensity score framework to two events an possibly multiple events. Therefore, the objective of this paper is to formulate appropriate propensity score methods to estimate the treatment effect in the context of recurrent data.
METHODS
In this section we investigate the inverse probability of treatment weighting method (IPTW) for estimating treatment effects when there are two events for each subject. Three scenarios are discussed in this section: independent gap times, time-varying covariates with fixed treatment and time-varying covariates with time-varying treatment 8 . For each scenario, model assumptions and specifications of the treatment model and the outcome model are given.
Notation and Model Setup
We use the following notation throughout this chapter. Assume there are subjects = 1, 2, ..., although we suppress notation in this chapter. Let ( ) be a -dimensional vector of covariates at the start of the ℎ gap time and ( ) be treatment status at the start of the ℎ gap time. Let 1 denote the first gap time and 2 denote the second gap time. We define the propensity score for the first event 1 to be 1 = ( (1) = 1| (1) = (1)) We define 2 to be the propensity score for the second gap time i.e. the probability of treatment for the second event conditional on all past covariate and treatment history. That is, 2 = ( (2) = 1| (2) = (2), (1) = (1)) where ( ) = ( (1), (2), ... ( )) is the covariate history through the start of the ℎ gap time and ( ) = ( (1), (2), ... ( )) is the treatment history through the start of the ℎ gap time. Hence, the probability of a subject receive treatment for both events conditional on all past history is: 1 2 = ( (1) = 1, (2) = 1| (2) = (2), (1) = (1)) = ( (1) (2)| (2) = (2), (1) = (1)) Intuitively, the IPTW weights are defined to be the inverse of the probability of treatment path conditional on all past treatment and covariate history. The stabilized inverse probability treatment weights are 9 1 = ( (1) = (1)) ( (1) = (1)| (1) = (1)) = ( (1) = 1) (1) 1 + ( (1) = 0)(1 − (1)) 1 − 1 and the stabilized IPTW weights for the second event are 2 = ( (1) = (1)) ( (1) = (1), (1) = (1)) ⋅ ( (2) = (2)| (1) = (1)) ( (2) = (2)| (2) = (2), (1) = (1)) = 11 (1) (2) 1 2 10 11 . The reason why we consider the stabilized weights is that the conventional weights sometimes result in extremely large weights for a few subjects. As a result, these subjects dominate the weighted analysis, and this results in unstable estimation of the marginal hazard ratio. In addition, the use of the conventional weights sometimes also leads to rather large variance for the conventional IPTW estimator 10 .
Time-Fixed Treatment and Covariates
We start with the simplest case where there are two independent gap times 1 and 2 for each subject. For simplicity we assume is a 1-dimensional scalar. Figure 1 12 illustrates the relationship among , , 1 and 2 . Our goal is to use propensity score methods to consistently estimate the marginal treatment effect. In this setting we assume treatment and covariates are fixed over time, so we use and without the notation. Define to be the probability of treatment conditional on covariates. We regress treatment indicator on to obtain the estimated propensity scorê :
To estimate the overall marginal treatment effect, we regress the survival outcomes 1 and 2 on the treatment status through a weighted Cox proportional hazards model with the stabilized weights as defined in Section 2.1: We perform a simulation study to examine the numerical performance of the IPTW estimator using the stabilized weights. For simplicity, we generate a standard normal covariate . For each subject we generate a treatment probability through a logistic regression model: = 0 + 1 Then we generate a treatment status for each individual ∼ ( ). We set 0 to be -1.1392 by a bisection approach to achieve an overall treatment prevalence of 25% 5 . Here 1 represents the log odds ratio of receiving treatment per unit increase in and we set it to be log(1.5). For each subject we simulate two independent gap times 1 and 2 from a Cox proportional hazards model. We choose the baseline hazard to be an exponential distribution with = 1. Hence, the hazard takes the form:
where =1 ,2. The association parameter between and is 1 , and is set to log(1.5). The simulation algorithm for 1 and 2 is as follows 13 • Simulate two independent standard uniform distribution 1 and 2
• Simulate 1 = − ( 1 )
The true marginal hazard ratio is determined as follows: For each subject we simulate both potential outcomes for both gap times under treatment and control conditions. Then we regress the gap time on treatment status to obtain the log of the true marginal hazard ratio . The above data generation method is based on a conditional hazard ratio . However, the IPTW estimator estimates the marginal hazard ratio. To this end, we use a bisection approach to determine that induces the specified marginal hazard ratio 5 . To estimate for a given simulated dataset, first we obtain the estimated propensity scorê through a logistic regression model. Then we calculate the stabilized weights
. Finally we regress the gap times on the treatment indicator through a weighted Cox proportional hazards model:
Doing this allows us to estimate the marginal treatment effect. Since weighting artificially creates a cluster for each subject, inducing a within-subject correlation, the naÃŕve variance estimator often fails to correctly estimate the variance of̂ 10 . To address this issue, we use the robust variance estimator proposed by Lin 14 15 .
Time-Varying Covariates
Next we consider the case where covariates change over time while treatment is fixed. Assume ( ) is a 1-dimensional scalar. The relationship among these variables is illustrated in Figure 2 . Due to the presence of time-varying covariates, the marginal hazard ratio may differ for the two events. The methodology for estimating the marginal hazard ratio is as follows: First we estimate the propensity score through a logistic regression model:
Then to estimate the marginal hazard ratio for the first and second event, we run a weighted Cox proportional hazards model using the stabilized weights, whose hazard takes the form:
(1) (2)
FIGURE 2 Causal graph for time-varying covariates
We perform the following simulation study to examine the numeric performance of the proposed IPTW estimator. We follow the same data generation methods described in Section 2.2 for the first gap time. Based on the first gap time 1 and the covariate (1), we simulate the (2) covariate a second dependent gap time 2 as follows 13 :
• Simulate a standard uniform random variable 2
• Simulate a random variable ∼ (0, 16) independent of (1) and 2
• Set (2) = (1) +
Although the above data generation for the second gap time results in the same conditional hazard ratio for both gap times, the marginal hazard ratio may differ. For a given conditional hazard ratio , we determine the true marginal hazard ratio for the second event using a similar method to that discussed in Section 2.2.
We obtain the estimated propensity scorê , along with the stabilized weights for both gap times. Then, we regress the gap time on treatment indicator ( ) through a weighted Cox proportional hazards model with the stabilized weights 1 and 2 to estimate the marginal hazard ratio for the first and second event.
Here denotes the log marginal hazard ratio for the ℎ gap time. Finally, we estimate the variance of̂ 1 and 2 using both the naÃŕve variance estimator and the robust variance estimator.
Time-Varying Treatment and Covariates
We make further extensions by considering both time-varying treatment and covariates. Assume ( ) is a 1-dimensional scalar.
In such a setting, treatment status of the second event (2) is dependent on treatment status of the first event and covariate value at the start of the second gap time (2) . Figure 3 illustrates the relationship among these variables. In this setting due to timevarying treatment, for each subject we need to estimate two propensity scores. This can be done through the following logistic regression models:̂ 1 = ̂ 0 +̂ 1 (1) ̂ 2 = ̂ 0 +̂ 1 (2) +̂ 2 (1) Then we estimate the marginal hazard ratio for the first and second gap time through the following weighted Cox proportional hazards model using the stabilized weights 1 and 2 :
We illustrate our methodology for estimating the marginal treatment effect through a simulation study. We use the previously discussed data generation methods for the first gap time. We consider the following dependence relationship between (1) and
(2):
(1)
(1) (2) = (1) + where ⟂ (1) and ∼ (0, 16).
The above data generation technique results in a correlation of 0.24 between (1) and (2) . Then, we simulate treatment status for the second gap time (2) as follows. First we simulate a treatment probability through a logistic regression model:
( 2 ) = 0 + 1 (2) + 2 (1)
We set 1 to log(1.5) and 2 to log(1.5). Hence the log odds ratio of receiving treatment when t = 2 is 1.5 per one unit increase in (2) keeping treatment at t = 1 the same. We allow treatment prevalence for the second event to be 25% or 50%. We set 0 to be -1.7233 to achieve an overall treatment prevalence of 25% and -0.1000 to achieve an overall treatment pravalence of 50% for the second event 16 . Having set all the parameters for the treatment model, we generate treatment status (2) ∼ ( 2 ). We simulate the first and second gap time 1 and 2 from a Cox proportional hazards model, whose hazard takes the form:
We follow the similar method to that described in Section 2.2 to obtain the true marginal hazard ratio for both gap times.
For a given simulated dataset, to estimate the marginal hazard ratio for both gap times, first we obtain the estimated propensity scorê 1 and̂ 2 through the following logistic regression models:
Then we regress the first gap time on treatment indicator (1) through a Cox proportional hazards model using the stabilized weights 1 from Section 2.1 to obtain the estimated marginal hazard ratio ̂ 1 for the first gap time. We run another weighted Cox proportional hazards model to regress the second gap time on treatment indicator (2) using the stabilized weights 2 to obtain the estimated marginal hazard ratio ̂ 2 for the second gap time. The hazard takes the form:
Finally, we estimate the variance of̂ 1 and̂ 2 using both the naÃŕve variance estimator and the robust variance estimator.
Administrative Censoring
Often we have to deal with censored recurrent data where each subject experiences a different number of recurrent events. When censoring is a time-dependent confounder, previous methods for estimating the marginal treatment effect without adjustments for censoring may yield biased results. To this end we incorporate weights for censoring and we examine the performance of the IPTW estimator in the presence of censoring. We incorporate an administrative censoring time . We define the censoring indicator 1 = ( 1 ≤ ) and 2 = ( 1 + 2 ≤ ). We can treat ( ( ), ) as a treatment vector at the start of the ℎ gap time. Thus, intuitively the IPTW weights are the inverse of the probability of treatment path of the subject. The stabilized censoring weights are 10 † 1 =
( 1 = 1) ( 1 = 1| (1), (1)) † 2 = ( 1 = 1) ( 1 = 1| (1), (1)) ⋅ ( 2 = 1| 1 = 1) ( 2 = 1| 1 = 1, (2), (2)) We allow the administrative censoring time to be = 1 or 0.25. When = 1, approximately 30% of the subjects are censored for the first event and approximately 60% of the subjects are censored for the second event. When = 0.25, approximately 70% of the subjects are censored for the first event and approximately 90% of the subjects are censored for the second event. We use the stabilized weights defined above to estimate the marginal hazard ratio and its standard errors for the second gap time. The simulation results are available in Table 5 -6. 
SIMULATION RESULTS
We allow the true marginal hazard ratio for the first gap time 1 to be 1, 1.5, 2, 2.5 and 3. We determine the corresponding that results in the specified marginal hazard ratio using a bisection approach 5 . For a given , there is also a corresponding true marginal hazard ratio for the second gap time 2 . We summarize the relationship in Table 1 .
For each of the three simulation settings, we simulate 1,000 datasets, each consisting of 10,000 subjects. In each of the 1,000 simulated datasets, we record the estimated log marginal hazard ratio for both gap timeŝ 1 ( ) and̂ 2 ( ), along with its naÃŕve standard error̂ 1 ( ) and̂ 2 ( ). We record the average estimated log marginal hazard ratiô = 1 1,000 ∑ 1,000 =1̂ ( ) for = 1, 2. We define the average bias of the log marginal hazard ratio as:̂ − ⋅100% where = 1, 2. Then we determine the average standard error of the log hazard ratio across the 1,000 datasets: =̂ = 1 1,000 ∑ 1,000 =1̂ ( ) where = 1, 2. We also determine the empirical standard error of the 1,000 estimated log marginal hazard ratios for both gap times: = 16 . If the variance of̂ 1 and̂ 2 are correctly estimated, the average standard error should be close to the empirical standard error. For each of the three simulation settings, we record the average estimated log marginal hazard ratio, along with its average bias, average naÃŕve standard error, average robust standard error and empirical standard error. We summarize the simulation results for the second gap time in tables below. We repeat the same procedures for a sample size of 500 and due to limited space, we move the results for scenarios with sample size of 500 to web material.
From the estimating equation theory, when there is no censoring the IPTW estimatê converges to the log of the true log marginal hazard ratio as the sample size goes to infinity. Austin (2012) 5 showed that without the presence of censoring, the IPTW estimator estimated the marginal hazard ratio for time to event data with negligible bias with sample size of 10,000. For our simulation studies with recurrent data, we obtained similar results. Table 2 -4 summarize the results for scenarios without the presence of censoring. As we can see from the tables, the average bias is very close to 0 for independent gap time and time-varying covariates scenarios, while the bias is slightly higher for time-varying treatment and covariates scenarios. Hence it is safe to say that the IPTW estimator estimates the marginal hazard ratio for the second event with minimal bias when the sample size is 10,000. For simulation scenarios with 500 subjects, the bias is substantially higher compared to those with 10,000 subjects, especially for time-varying treatment and covariates scenarios. Thus, a sample size of 500 does not suffice to estimate the true marginal hazard ratio. Keeping sample size the same, the prevalence of treatment also impacts the degree of bias in estimating the marginal hazard ratio. We observe that the bias is lower when the treatment prevalence is 50%. Table  5 -6 summarize the results for scenarios with an administrative censoring time. With an administrative censoring time of 1, the IPTW estimator results in a moderate degree of bias in estimating the true marginal hazard ratio. Moreover, the bias tends to decrease as the true marginal hazard ratio is higher. As we increase the proportion of subjects being censored by setting to 0.25, the IPTW estimate tends to be further removed from the true marginal hazard ratio, regardless how large the sample size is. It is likely the estimate converges to another quantity other than the true marginal hazard ratio. However, it is not clear what the IPTW estimator is estimating in the presence of censoring. Therefore, we can conclude that the IPTW estimator results in biased estimation of the true marginal hazard ratio. For variance estimation, our results are in line with that of Austin's 16 . Due to the within-subject correlation, the naÃŕve variance estimator often tends to substantially underestimate the variance of the IPTW estimator 14 . The robust variance estimator generally results in negligible bias in estimating the variance for independent gap time and time-varying covariate scenarios. The use of robust variance estimator results in minor bias for other scenarios, and the bias is generally within 15%, which is still a huge improvement over the naÃŕve variance estimator. 
DISCUSSION
We conducted an extensive series of Monte Carlo simulations to examine the performance of the inverse probability of treatment weighting (IPTW) method for estimating the marginal hazard ratio in the context of recurrent events. We briefly summarize our simulation results and discuss what can be done in subsequent research.
Previous research has shown that the inverse probability of treatment weighting (IPTW) method results in unbiased estimation of the marginal hazard ratio for time to event data 5 . We made a step further to investigate the performance of the IPTW method for estimating marginal hazard ratio for recurrent data. We found that without the presence of censoring, the IPTW estimator consistently estimated the marginal hazard ratio for the first and second event across all scenarios. However, sample size and treatment prevalence both had an impact on the accuracy of the estimation of the marginal hazard ratio. Though the IPTW estimator is asymptotically unbiased, the estimate could be biased for studies with small sample size. Therefore, we recommend researchers use the IPTW estimator to estimate the marginal hazard ratio only when the sample size is sufficiently large. In the presence of censoring, we observed from the simulation results that the IPTW estimator resulted in biased estimation of the marginal hazard ratio. The degree of bias tended to be greater as we increased the proportion of subjects being censored. The estimate seemed to converge to another quantity, however, we are unsure of what it converges to and the interpretations of the estimate remains unclear. Variance estimattion plays an important role in determining the optimal sample size if one would like to control the average bias of the IPTW estimate to be within a certain range. Austin (2016) showed that the use of the robust variance estimator significantly improved accuracy of variance estimation 16 . Based on our simulation results, it turned out that the robust variance estimator approximated the variance reasonably well within 10% bias for most scenarios, while the naÃŕve variance estimator often substantially underestimated the variance. Due to time constraint, we did not consider the use of bootstrap variance estimator, which was proven to have similar performance to that of the robust variance estimator for time to event data 5 .
Certainly there are some limitations in our simulation studies. One of the limitations is that we only considered one dependence relationship between (1) and (2) . Though the IPTW estimator consistently estimates the marginal hazard ratio for recurrent data, the converging rate may differ for different dependence relationship between (1) and (2) . If the researcher would like to control the estimation bias within a certain range for a study, it would be difficult to figure out the optimal sample size. Another limitation is that we only considered the case where (1) follows a standard normal distribution. Further research can be done to investigate the behaviour of the IPTW estimator when (1) is binary or categorical. We could also incorporate more variables or even consider the possibility of dependence relationship among these variables. One could also consider other propensity score methods such as matching, stratification to estimate the marginal hazard ratio.
To summarize, based on the simulation results, we recommend researchers use the IPTW estimator to estimate the marginal hazard ratio with the robust variance estimator for observational recurrent data without the presence of censoring. However, researchers should be aware that though the IPTW estimator is asymptotically unbiased, when dealing with small samples the IPTW estimator may result in bias in estimating the marginal hazard ratio. To this end, extra efforts should be paid to determine the minimal sample size. In the presence of censoring, the IPTW method results in biased estimation of the marginal hazard ratio, and the degree of bias is related to the proportion of subjects being censored. For this reason, the IPTW estimator should not be used in the presence of censoring. Subsequent research should investigate methods for estimating the marginal hazard ratio or figure out what the IPTW estimator estimates in the presence of censoring. Further extensions can be made to settings with multiple events and the stabilized weights can be formulated in the similar way to that described in Section 2.1 10 .
